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We present a multipartite entanglement purification scheme in a Greenberger-Horne-Zeilinger
state for electrons based on their spins and their charges. This scheme works for purification with
two steps, i.e., bit-flipping error correction and phase-error flip error correction. By repeating these
two steps, the parties in quantum communication can get some high-fidelity multipartite entangled
electronic systems.
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I. INTRODUCTION
Quantum entanglement is of vital importance in
achieving tasks of quantum information processing and
transmission [1]. Most of the practical quantum compu-
tation and quantum communication tasks require that
the separated parties in distant locations share the max-
imally entangled state [2–10]. Especially, multipartite
entangled states have many important applications in
quantum computation [1] and quantum communication,
such as controlled teleportation [11, 12], quantum secret
sharing [13–15], quantum state sharing [16–20], and so
on. All these tasks require multipartite entangled states
to set up the quantum channel between legitimate partic-
ipants in quantum communication. However, with local
operations and classical communication, the two users in
quantum communication can not create entanglement.
If they want to share the entanglement separately, they
have to create the entangled states locally and transmit
them in a quantum channel. In a practical transmission,
the channel noise cannot be avoided, which will make a
maximally entangled state become a mixed one. This will
decrease the fidelity of quantum teleportation or make
quantum communication insecure.
Entanglement purification provides us a powerful tool
to distil high-fidelity entangled states from less entan-
gled ones [21–33]. The first entanglement purification
protocol, which is based on the quantum controlled-not
(CNOT) logic operations, was proposed by Bennett et
al. [21] in 1996 for purifying a two-qubit Werner state.
So far, most of entanglement purification protocols [21–
29] are focused on bipartite entangled quantum systems
and there are only several multipartite entanglement pro-
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tocols, including high-dimension entanglement protocols
[30–33] as the latter is more complicated than the for-
mer. In 1998, Murao et al. [30] proposed the first multi-
partite entanglement purification protocol with CNOT
logic operations for quantum systems originally in a
Greenberger-Horne-Zeilinger (GHZ) state. This protocol
was extended to high-dimensional multipartite quantum
systems in 2007 [32]. They use some generalized XOR
gates to substitute the CNOT gates to fulfill their proto-
col.
Until now, most of the purification protocols are based
on the photons as they are manipulated easily. On the
other hand, conduction electrons can also be used to
achieve quantum communication and computation pro-
cesses since Beenakker et al. [34] broke through the ob-
stacle of the no-going theorem [35] in 2004. An electron
acts as a qubit in both charge degree of freedom and
spin degree of freedom. If one measures the charge de-
gree of freedom of an electron quantum system, it will
leave its spin degree of freedom unaffected. By means
of charge detections [36], Beenakker et al. [34] designed
a protocol for a CONT gate between electronic qubits.
Moreover, people have constructed entangled spins [37],
achieved the entanglement concentration [38], prepared
cluster states and designed a multipartite entanglement
analyzer [39] with charge detections of electron quantum
systems. A bipartite entanglement purification protocol
was also presented in 2005 [40], although their protocol
is only used to purify the Werner state, similar to the
original entanglement purification protocol by Bennett
et al. for photon pairs. After each purification step, they
have to add another bilateral pi/2 operations to recover
the mixed state to Werner state in order to perform the
next purification step, which make its efficiency low [22].
In this paper, we present a multipartite entangle-
ment purification for electrons in a Greenberger-Horne-
Zeilinger state based on their spins and their charges, re-
sorting to charge detections and electron polarizing beam
2splitters. In this scheme, charge detections play the role
of a parity check. The whole purification scheme can
be divided into two steps, i.e., bit-flip error purification
and phase-flip error purification. It dose not need to add
another operation to recover the mixed state to Werner
state after each purifying step. That is, it is easier than
the only one entanglement purification scheme for two-
electron system [40], and it will have a practical applica-
tion in solid quantum computation and communication.
II. MULTIPARTITE ELECTRONIC
ENTANGLEMENT PURIFICATION WITH
CHARGE DETECTIONS
Before we start to explain our purification scheme, we
first introduce a basic element for entanglement purifi-
cation scheme, i.e., a parity-check gate. Parity-check
gates can be used to construct a Bell-state analyzer and
a CNOT gate [34]. In Fig.1, the polarizing beam splitter
(PBS) is used to transmit an electron in the spin-up state
| ↑〉 and reflect an electron in the spin-down state | ↓〉.
The charge detector (C) can distinguish the occupation
number one from the occupation number 0 and 2, but it
cannot distinguish the electron numbers between 0 and 2.
That is, it can distinguish the occupation number even
or odd. Let us suppose that two polarization qubits a
and b initially in the states
|Ψa〉 = α1| ↑〉+ α2| ↓〉 (1)
and
|Ψb〉 = β1| ↑〉+ β2| ↓〉. (2)
Here
|α1|2 + |α2|2 = 1,
|β1|2 + |β2|2 = 1. (3)
These two qubits are transmitted into the spatial modes
a1 and b1, respectively, and they interact with each other
on the PBS. The whole state of the two electrons will
evolve to
|ΨT 〉ab = α1β1| ↑↑〉ab + α1β2| ↑↓〉ab
+ α2β1| ↓↑〉ab + β2β2| ↓↓〉ab. (4)
One observes immediately that the states | ↑↑〉 and | ↓↓〉
will lead the charge detection to have the charge occu-
pation number C = 1 as each electron passes through a
different path after the first PBS. The states | ↑↓〉 and
| ↓↑〉 will lead the charge detection to C = 0 and C = 2,
respectively. The charge detection cannot distinguish 0
and 2, and it will show the same result, i.e., C = 0 for
simplicity. The states | ↑↑〉 and | ↓↓〉 can be distinguished
from | ↑↓〉 and | ↓↑〉 by the different outcomes of the
charge detection. So this device can be used to accom-
plish a parity check on a two-electron system. That is,
PBS
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FIG. 1: Schematic diagram showing the principle of a parity-
check gate. The parity-check gate (P) is composed of a 50:50
spin polarizing beam splitters (PBS), a charge detection, and
two mirrors. The PBS is used to transmit an electron in the
spin-up state | ↑〉 and reflect an electron in the spin-down
state | ↓〉, respectively.
one can get α1β1| ↑↑〉+ β2β2| ↓↓〉 from the outport a2b2
if C = 1 and get α1β2| ↑↓〉+ α2β1| ↓↑〉 if C = 0.
Now, let us detail how this entanglement purification
scheme works for multipartite electron systems. A multi-
partite Greenberger-Horne-Zeilinger (GHZ) state for spin
1/2 systems can be described as
|φ+〉s = 1√
2
(| ↑↑ · · · ↑〉+ | ↓↓ · · · ↓〉). (5)
We first take three-particle electron systems in GHZ
states as an example to show the principle of this mul-
tipartite entanglement purification scheme and then ex-
tend to the case of N -particle systems.
There are eight three-particle GHZ states, i.e.,
|Φ±〉ABC = 1√
2
(| ↑↑↑〉 ± | ↓↓↓〉)ABC ,
|Φ±1 〉ABC =
1√
2
(| ↓↑↑〉 ± | ↑↓↓〉)ABC ,
|Φ±2 〉ABC =
1√
2
(| ↑↓↑〉 ± | ↓↑↓〉)ABC ,
|Φ±3 〉ABC =
1√
2
(| ↑↑↓〉 ± | ↓↓↑〉)ABC . (6)
Here the subscripts A, B, and C represent the three elec-
trons belonging to the three parities, say Alice, Bob, and
Charlie, respectively. Initially, we suppose that the origi-
nal GHZ state transmitted is |Φ+〉ABC . The noisy chan-
nel will degrade the state and make the initial state be a
mixed one. For example, the state |Φ+〉ABC may become
|Φ+1 〉ABC , say a bit-flip error, or become |Φ−〉ABC , say
a phase-flip error. Sometimes both a bit-flip error and a
phase-flip error will take place such as |Φ−2 〉ABC . So the
task of purifying three-electron entangled systems can be
divided into two step, i.e. purifying the bit-flip error and
the phase-flip error. The principle of this multipartite
entanglement purification for electron systems is shown
in Fig.2.
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FIG. 2: Schematic diagram showing the principle of multi-
partite entanglement purification for electron systems. Each
parties say Alice, Bob and Charlie own the identical devices,
respectively. P represents a parity check gate, which is used
to discriminate the parity for two electrons. A pair of GHZ
states are transmitted to each parties over a noisy channel.
Each parties perform a parity check, if both their parity are
the same, they can achieve the purification scheme.
A. Purification of bit-flip errors
We first discuss the purification of bit-flip errors. Sup-
pose that an ensemble ρ shared by Alice, Bob, and Char-
lie after the transmission over a noisy channel is
ρ = F |Φ+〉〈Φ+|+ (1− F )|Φ+1 〉〈Φ+1 |. (7)
Here F > 1/2 is the fidelity of the state |Φ+〉 after it
is transmitted over a noisy channel and we suppose that
a bit-flip error takes place on the first electron with a
probability of 1−F . In each step, each of the three parties
will operate his two electrons and each electron comes
from one of the mixed state ρ. For example, in Fig.2,
we denote the two mixed states A1B1C1 and A2B2C2.
Then the electrons A1 and A2 belong to Alice, B1 and
B2 belong to Bob, and C1 and C2 belong to Charlie.
From Eq.(7), the state of the quantum system composed
of the six electrons A1B1C1A2B2C2 can be viewed as the
mixture of four pure states: it is in the state |Φ+〉⊗ |Φ+〉
with a probability of F 2, in the state |Φ+〉 ⊗ |Φ+1 〉 and
|Φ+1 〉 ⊗ |Φ+〉 with an equal probability of F (1 − F ), and
in the state |Φ+1 〉 ⊗ |Φ+1 〉 with a probability of (1 − F )2.
After the parity-check gates, these three parties compare
the parity of their electrons. They choose the cases that
all of them obtain the outcomes with the same parity,
i.e., they all obtain the even-parity (C = 1) result or the
odd-parity (C = 0) result.
We discuss the even-parity case first. The whole sys-
tem is in a mixed state by mixing two pure states, i.e.,
|φ〉 = 1√
2
(| ↑↑↑↑↑↑〉+ | ↓↓↓↓↓↓〉)A1B1C1A2B2C2 (8)
with a probability of 12F
2 and
|φ1〉 = 1√
2
(| ↓↑↑↓↑↑〉+ | ↑↓↓↑↓↓〉)A1B1C1A2B2C2 (9)
with a probability of 12 (1− F )2. The cross-combinations
|Φ+〉 ⊗ |Φ+1 〉 and |Φ+1 〉 ⊗ |Φ+〉 never lead all the three
parties to have the same parity and can be eliminated
automatically. In the spatial modes b1b2b3, Hadamard
(H) operations are performed on the electrons A2B2C2,
which will lead to the transformation
| ↑〉 → 1√
2
(| ↑〉+ | ↓〉), (10)
| ↓〉 → 1√
2
(| ↑〉 − | ↓〉). (11)
After performing an H operation on each of the electrons
A2B2C2, Eq.(8) and Eq.(9) become
|φ〉′ = 1
4
[| ↑↑↑〉(| ↑〉+ | ↓〉)⊗3 + | ↓↓↓〉(| ↑〉 − | ↓〉)⊗3]
=
1
4
[(| ↑↑↑〉+ | ↓↓↓〉)(| ↑↑↑〉+ | ↑↓↓〉+ | ↓↑↓〉
+ | ↓↓↑〉) + (| ↑↑↑〉 − | ↓↓↓〉)(| ↑↑↓〉
+ | ↑↓↑〉+ | ↓↑↑〉+ | ↓↓↓〉)],
|φ1〉
′
=
1
4
[| ↓↑↑〉(| ↑〉 − | ↓〉)(| ↑〉+ | ↓〉)⊗2
+ | ↑↓↓〉(| ↑〉+ | ↓〉)(| ↑〉 − | ↓〉)⊗2]
=
1
4
[(| ↓↑↑〉+ | ↑↓↓〉)(| ↑↑↑〉+ | ↑↓↓〉
− | ↓↑↓〉 − | ↓↓↑〉) + (| ↓↑↑〉 − | ↑↓↓〉)(| ↑↑↓〉
+ | ↑↓↑〉 − | ↓↑↑〉 − | ↓↓↓〉)]. (12)
Finally, Alice, Bob, and Charlie measure the polarization
states of their electrons A2B2C2 in the modes b1b2b3. If
they obtain the outcomes | ↑↑↑〉A2B2C2 , | ↑↓↓〉A2B2C2 ,
| ↓↑↓〉A2B2C2 or | ↓↓↑〉A2B2C2 , they will obtain the GHZ
state 1√
2
(| ↑↑↑〉 + | ↓↓↓〉)A1B1C1 with a probability of
1
2F
2 and the GHZ state 1√
2
(| ↓↑↑〉+ | ↑↓↓〉)A1B1C1 with
a probability of 12 (1 − F )2. That is, Alice, Bob, and
Charlie will get a new ensemble ρ′ with the fidelity of
F ′ = F
2
F 2+(1−F )2 > F when F > 1/2 by keeping the elec-
tron systems A1B1C2 if they only obtain one of the four
outcomes {| ↑↑↑〉A2B2C2 , | ↑↓↓〉A2B2C2 , | ↓↑↓〉A2B2C2 , | ↓↓↑
〉A2B2C2}. Certainly, they will get the outcomes | ↑↑↓〉,
| ↑↓↑〉, | ↓↑↑〉 or | ↓↓↓〉. In this time, Alice, Bob, and
Charlie need only flip the relative phase of the electron
system A1B1C1 and will obtain the ensemble ρ
′.
On the other hand, if Alice, Bob, and Charlie all obtain
an odd parity, they will get the state
|φ〉o = 1√
2
(| ↑↑↑↓↓↓〉+ | ↓↓↓↑↑↑〉)A1B1C1A2B2C2 (13)
with a probability of 12F
2 and the state
|φ1〉o = 1√
2
(| ↓↑↑↑↓↓〉+ | ↑↓↓↓↑↑〉)A1B1C1A2B2C2 (14)
4with a probability of 12 (1 − F )2. Compared with Eq.(8)
and (9), Alice, Bob, and Charlie only need to add a bit-
flip operation on each of the three qubits A2B2C2 and
they can get the same result as that with the even parity.
By far, we have discussed the principle of the purifi-
cation of the bit-flip errors for three-electron systems.
This method can also be extended to purify the bit-flip
errors in multipartite entangled systems. For example,
the initial state of an N -electron quantum system can be
described as:
|Φ+〉N = 1√
2
(| ↑↑ · · · ↑〉+ | ↓↓ · · · ↓〉). (15)
Suppose a bit-flip error may take place in the first elec-
tron. After transmission, each party makes a parity check
on his two electrons coming from two entangled quantum
systems and they all choose the same parity by classical
communication, shown in Fig.2. Now, let us suppose
they all choose the even parity case and then the original
mixed state system becomes
|φ〉2N = 1√
2
(| ↑↑↑ · · · ↑〉+ | ↑↑↑ · · · ↑〉) (16)
with a probability of 12F
2 and
|φ1〉2N = 1√
2
(| ↓↑ · · · ↑↓↑ · · · ↑〉+ | ↑↓ · · · ↓↑↓ · · · ↑〉)(17)
with a probability of 12 (1 − F )2. After the H operations
on the b1b2 · · · bN modes, Eq.(16) and Eq.(17) become
|φ〉′2N =
1√
2
(| ↑↑ · · · ↑〉( 1√
2
)⊗N (| ↑〉+ | ↓〉)⊗N
+ | ↓↓ · · · ↓〉( 1√
2
)⊗N (| ↑〉 − | ↓〉)⊗N ), (18)
|φ1〉
′
2N =
1√
2
(| ↓↑ · · · ↑〉( 1√
2
)⊗N (| ↑〉 − | ↓〉)(| ↑〉
+ | ↓〉)⊗(N−1) + | ↑↓ · · · ↓〉( 1√
2
)⊗N (| ↑〉
+ | ↓〉)(| ↑〉 − | ↓〉)⊗(N−1)). (19)
After the measurements on the electrons in the modes
b1b2 · · · bN with the basis Z={| ↑〉, | ↓〉}, the parties will
obtain a new ensemble ρ′′ in which the fidelity of the
state |Φ+〉N is F 2F 2+(1−F )2 if the number of | ↓〉 is even.
They will get the same result with a phase-flip opera-
tion on each N -electron system kept if the number of the
outcomes | ↓〉 is odd.
We have fully described the principle of bit-flip error
purification on the first electron. If the bit-flip error takes
place on other electrons, we can purify these errors in the
same way and will get the same result like those discussed
above.
B. Purification of phase-flip errors
Now we start to explain the principle of the phase-flip
error purification in the present scheme. Usually, during
the transmission, the relative phase between several en-
tangled electrons are sensitive to path length instabilities,
which have to be kept constant. This problem is analo-
gous to the optical system for quantum communications
[41, 42]. Phase-flip errors cannot be purified directly, but
it can be converted into bit-flip errors. For example, the
eight GHZ states shown in Eq.(6) can be transformed
into the following eight states by adding an H operation
on each electron, i.e.,
|Ψ+〉 = 1
2
(| ↑↑↑〉+ | ↑↓↓〉+ | ↓↑↓〉+ | ↓↓↑〉),
|Ψ−〉 = 1
2
(| ↑↑↓〉+ | ↑↓↑〉+ | ↓↑↑〉+ | ↓↓↓〉),
|Ψ+1 〉 =
1
2
(| ↑↑↑〉+ | ↑↓↓〉 − | ↓↑↓〉 − | ↓↓↑〉),
|Ψ−1 〉 =
1
2
(| ↑↑↓〉+ | ↑↓↑〉 − | ↓↑↑〉 − | ↓↓↓〉),
|Ψ+2 〉 =
1
2
(| ↑↑↑〉 − | ↑↓↓〉+ | ↓↑↓〉 − | ↓↓↑〉),
|Ψ−2 〉 =
1
2
(| ↑↑↓〉 − | ↑↓↑〉+ | ↓↑↑〉 − | ↓↓↓〉),
|Ψ+3 〉 =
1
2
(| ↑↑↑〉 − | ↑↓↓〉 − | ↓↑↓〉+ | ↓↓↑〉),
|Ψ−3 〉 =
1
2
(| ↑↑↓〉 − | ↑↓↑〉 − | ↓↑↑〉+ | ↓↓↓〉). (20)
Suppose a phase-flip error may occur in the first electron
and the initial state after the electron systems are trans-
mitted over a noisy channel becomes a mixed state as
follows
ρp = F |Φ+〉〈Φ+|+ (1− F )|Φ−〉〈Φ−|. (21)
After the transformation by adding an H operation on
each electron, Eq.(21) becomes
ρ′p = F |Ψ+〉〈Ψ+|+ (1− F )|Ψ−〉〈Ψ−|. (22)
It is interesting to find that in the state |Ψ+〉, the number
of | ↓〉 in each items is even, but it is odd in the state
|Ψ−〉. We also find that all the GHZ states with the
superscript + in Eq.(20) have the even number of | ↓〉
but have the odd number of | ↓〉 for −.
Now we detail the principle of the phase-flip error pu-
rification, shown in Fig.2. For two pairs A1B1C1 and
A2B2C2 picked out from the ensemble ρ
′
p, their state can
be viewed as the mixture of four pure states: |Ψ+〉⊗|Ψ+〉,
|Ψ+〉 ⊗ |Ψ−〉, |Ψ−〉 ⊗ |Ψ+〉, and |Ψ−〉 ⊗ |Ψ−〉 with the
probabilities of F 2, F (1 − F ), F (1 − F ), and (1 − F )2,
respectively. Each party makes a parity-check measure-
ment on his two electrons with charge detection and then
all parties check their results by classical communication.
They only choose the case that all of them get the even
parity and they discard the other cases. In this way,
the cross-combinations |Ψ+〉⊗ |Ψ−〉 and |Ψ−〉⊗ |Ψ+〉 are
eliminated automatically and the remaining items are
|ϕ〉 = 1
2
(| ↑↑↑↑↑↑〉+ | ↑↓↓↑↓↓〉+ | ↓↑↑↓↑↑〉
+ | ↓↓↑↓↓↑〉)A1B1C1A2B2C2 (23)
5and
|ϕ′〉 = 1
2
(| ↑↑↓↑↑↓〉+ | ↑↓↑↑↓↑〉+ | ↓↑↑↓↑↑〉
+ | ↓↓↓↓↓↓〉)A1B1C1A2B2C2 . (24)
with the probabilities of F 2 and (1−F )2, respectively. In
order to get the three-electron entangled state |Ψ+〉, the
parties first perform an H operation on each of the three
electrons A2B2C2, which will make |ϕ〉 and |ϕ′〉 evolve
as
|ϕ〉 → 1
4
√
2
| ↑↑↑〉A2B2C2(| ↑↑↑〉+ | ↑↑↓〉+ | ↑↓↑〉+ | ↑↓↓〉
+| ↓↑↑〉+ | ↓↑↓〉+ | ↓↓↑〉+ | ↓↓↓〉)A1B1C1
+| ↑↓↓〉A2B2C2(| ↑↑↑〉 − | ↑↑↓〉 − | ↑↓↑〉+ | ↑↓↓〉
+| ↓↑↑〉 − | ↓↑↓〉 − | ↓↓↑〉+ | ↓↓↓〉)A1B1C1
+| ↓↑↓〉A2B2C2(| ↑↑↑〉 − | ↑↑↓〉+ | ↑↓↑〉 − | ↑↓↓〉
−| ↓↑↑〉+ | ↓↑↓〉 − | ↓↓↑〉+ | ↓↓↓〉)A1B1C1
+| ↓↓↑〉A2B2C2(| ↑↑↑〉+ | ↑↑↓〉 − | ↑↓↑〉 − | ↑↓↓〉
−| ↓↑↑〉 − | ↓↑↓〉+ | ↓↓↑〉+ | ↓↓↓〉)A1B1C1 , (25)
|ϕ〉′ → 1
4
√
2
| ↑↑↓〉A2B2C2(| ↑↑↑〉 − | ↑↑↓〉+ | ↑↓↑〉 − | ↑↓↓〉
+| ↓↑↑〉 − | ↓↑↓〉+ | ↓↓↑〉 − | ↓↓↓〉)A1B1C1
+| ↑↓↑〉A2B2C2(| ↑↑↑〉+ | ↑↑↓〉 − | ↑↓↑〉 − | ↑↓↓〉
+| ↓↑↑〉+ | ↓↑↓〉 − | ↓↓↑〉 − | ↓↓↓〉)A1B1C1
+| ↓↑↑〉A2B2C2(| ↑↑↑〉+ | ↑↑↓〉+ | ↑↓↑〉+ | ↑↓↓〉
−| ↓↑↑〉 − | ↓↑↓〉 − | ↓↓↑〉 − | ↓↓↓〉)A1B1C1
+| ↓↓↓〉A2B2C2(| ↑↑↑〉 − | ↑↑↓〉 − | ↑↓↑〉+ | ↑↓↓〉
−| ↓↑↑〉+ | ↓↑↓〉+ | ↓↓↑〉 − | ↓↓↓〉)A1B1C1 . (26)
Then they measure their electrons A2, B2 and C2 with
the basis Z = {| ↑〉, | ↓〉}.
From Eq.(25) and Eq.(26), if the number of the out-
come | ↓〉 in the measurements on A2B2C2 is even, i.e.,
| ↑↑↑〉, | ↑↓↓〉, | ↓↑↓〉, or | ↓↓↑〉, the three parties can get
|ψ+〉 with the fidelity of F 2
F 2+(1−F )2 . Otherwise, if it is
odd, the three parties will get the state |ψ−〉 with the fi-
delity of F
2
F 2+(1−F )2 . The remaining state of |ψ+〉 or |ψ−〉
can be transformed into |Φ+〉 or |Φ−〉 by adding another
H operation on each electron.
For N -particle quantum systems, if a phase-flip error
takes place, the parties can also purify the error with the
same method mentioned above. First, phase-flip errors
can be converted into bit-flip errors with an H operation
on each electron. Second, each parity perform a parity
check on his two electrons and all parties keep their elec-
tron system with the same parity. Finally, they measure
the electrons in the lower modes with the basis z after all
the parties perform an H operation on each of the elec-
trons in the lower modes. If the number of outcome | ↓〉 in
the measurements is even, the parties fulfill a probabilis-
tic purification of phase-flip errors. After they perform
an H operation on each electron kept, the parties can get
a new ensemble with the fidelity of F
2
F 2+(1−F )2 which is
larger than the original one F if F > 1/2.
III. DISCUSSION AND SUMMARY
So far, we have fully described our purification scheme
for multipartite electronic entangled states. We have ex-
plained the entanglement purification principle for multi-
partite electron systems with a special density matrices.
That is, we have discussed the principle of our entangle-
ment purification protocol for purifying the bit-flip error
on the first particle and the phase-flip error, shown in
Eqs. (7) and (21). In fact, in a practical environment,
the mixed state may be the Werner-type state, or more
complicated. For instance, a general three-particle mixed
state can be written as:
ρg = F |Φ+〉〈Φ+|+ F1|Φ−〉〈Φ−|+ · · ·+ F7|Φ−3 〉〈Φ−3 |,(27)
where F + F1 + · · ·+ F7 = 1. In order to increase the fi-
delity F , we should purify each unwanted item like |Φ−〉,
|Φ+1 〉, · · ·, and |Φ−3 〉. The state ρg contains both bit-flip
errors and phase-flip errors. Alice, Bob, and Charlie can
purify first the bit-flip error on the first particle and then
the bit-flip error on the second particle, whose principle
is similar to the case with only the bit-flip error on the
first particle. In this way, Alice, Bob, and Charlie can
purify the bit-flip errors on an arbitrary position, as dis-
cussed in Ref. [30]. By an H operation on each particle,
the phase-flip errors in Eq.(27) can be transferred into
the bit-flip errors, which can be purified with the similar
way to the latter. That is to say, a general mixed state
of multipartite entangled electron systems can be puri-
fied by repeating both the bit-flip-error purification and
the phase-flip-error purification, similar to the original
polarization entanglement purification scheme for multi-
particle Boson systems [30].
Charge detection has played a prominent role in con-
structing the parity-check gate, and also it is the key
element of the present purification protocol. It has been
realized by means of point contacts in a two-dimensional
electron gas. For instance, Ref.[36] used the effect of
the electric field of the charge on the conductance of an
adjacent point contact to realize the charge detection.
Ref.[43] reported their experimental results that the cur-
rent achievable time resolution for charge detection is µs.
Trauzettel et al. also proposed a realization of a charge
parity meter which is based on two double quantum dots
alongside a quantum point contact [44]. Their realiza-
tion of such a device can be seen as a specific example of
the general class of mesoscopic quadratic quantum mea-
surement detectors which is investigated by Mao et al.
[45].
In summary, we have proposed a multipartite entan-
glement purification protocol for electron systems with
the help of parity-check gates. We first use the elec-
tronic polarizing beam splitters and charge detections to
6construct the parity check gate and then detail the mul-
tipartite entanglement purification for electron systems
in GHZ state. The present scheme does not require the
controlled-not gate and it works for purification with two
steps, i.e., bit-flipping error correction and phase-error
flip error correction. By repeating these two steps, the
parties in quantum communication can get some high-
fidelity multipartite entangled electronic systems. These
features will make this scheme have a practical applica-
tion in solid quantum computation and communication
in the future.
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